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We study signatures of magnetic quantum oscillations in three-dimensional nodal line semimetals
at zero temperature. The extended nature of the degenerate bands can result in a Fermi surface
geometry with topological genus one, as well as a Fermi surface of electron and hole pockets en-
capsulating the nodal line. Moreover, the underlying two-band model to describe a nodal line is
not unique, in that there are two classes of Hamiltonian with distinct band topology giving rise to
the same Fermi surface geometry. After identifying the extremal cyclotron orbits in various mag-
netic field directions, we study their concomitant Landau levels and resulting quantum oscillation
signatures. By Landau-fan-diagram analyses we extract the non-trivial pi Berry phase signature for
extremal orbits linking the nodal line.
PACS numbers:
I. INTRODUCTION
Nodal line systems are a new kind of three-dimensional
topological semimetal of great current interests1–21.
They extend the concept of Weyl semimetal22–28 with its
point-like crossing between conduction and valence bands
to a band touching that forms a closed loop1,2,29–31.
The stability condition for this kind of degeneracy (or
to ensure ‘gaplessness’) turns out to be easily met,
with various proposals for such types of systems now
available3,5,6,15,20,32. Moreover, they can be realized in
materials with6,13 or without3–5,7,8,14,15,21 spin-orbit cou-
plings. Indeed many recent experimental studies have
shown promising progress towards its realization33–36.
The extended nature of the closed loop band touching
offers new perspectives for studies of topological physics.
First, the band touching line need not be a constant en-
ergy contour. This results in an elaborate Fermi sur-
face geometry typically with electron and hole pockets
encapsulating the nodal line6,32,37. Second, by viewing
the band touching as a pseudospin structure in momen-
tum space38, there correspond different kinds of topolog-
ical defect, arising from distinct Hamiltonians6,19, asso-
ciated with the same nodal line energy spectrum. This
is not the case for a Weyl semimetal22,38 where a pseu-
dospin monopole is uniquely associated with the point-
like defect. On the other hand, the nodal line requires
only a topological pi Berry phase in loops encircling
the nodal line6. In Ref.19, we studied a realization of
vortex ring pseudospin defect, in contrast to the ordi-
nary nodal line Hamiltonian6, which exhibits a ‘maximal’
three-dimensional anomalous Hall effect. Given these
rich nodal line systems, we study in this paper their mag-
netic transport signatures in a few characteristic settings.
We undertake a theoretical study of the characteri-
zation of various nodal lines in terms of quantum os-
cillations in the presence of a magnetic field at zero
tempertaure39,40. Specifically, we study nodal lines dis-
tinguished by two distinct kinds of pseudospin defects,
i.e., the ordinary6 and the vortex ring19 Hamiltonians.
We consider cases where the nodal line does and does not
lie on a constant energy contour. We then study the re-
sulting quantum oscillation signatures for magnetic fields
along various symmetry axes of the nodal line.
As we shall see, due to the elaborate Fermi surface ge-
ometry, there can be multiple extremal cyclotron orbits,
which can even intersect each other, in the presence of a
magnetic field. At first sight this raises some ambiguities
in the identification of oscillation frequencies with the
momentum space area covered using simple semi-classic
arguments. We therefore first focus on obtaining the LLs
(either analytically or numerically) and then study the
induced frequencies to be identified with the correspond-
ing cyclotron orbits. Finally, LLs also carry important
topological information of the Hamiltonians, namely the
Berry phase picked up by the orbit. These are extracted
by Landau-fan-diagram analyses.
The paper is organized as follows. In Sect. II, we de-
scribe the Fermi surface geometry given the various types
of nodal line Hamiltonians and identify the extremal or-
bits in the presence of a magnetic field. And we sum-
marize the procedures to relate the Landau levels with
the quantum oscillation periods and the Berry phases.
In Sect. III and Sect. IV, we study the associated quan-
tum oscillations for cases of equi-energy and tilted-energy
nodal lines, respectively. We end with conclusions and an
outlook in Sect. V.
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FIG. 1: Fermi surface of (a) equi-energy nodal line; (b) tilted-
energy nodal line.
II. FERMI SURFACE GEOMETRY, EXTREMAL
ORBITS AND LANDAU LEVELS
A. Fermi surface geometry
An equi-energy nodal line Hamiltonian4–6 is given by
H(px, py, pz) =
(
1
2mr
(p2x + p
2
y − p20)
)
σx + vzpzσy, (1)
where σ are Pauli matrices acting on orbital/sublattice
space, mr gives the band mass on the (px, py) plane and
vz the speed in the pz direction. The upper and lower
energy bands touch on a circle, p2x + p
2
y = p
2
0, pz = 0,
with radius p0 at constant energy E = 0. For a Fermi
energy slightly larger than E = 0, the Fermi surface of
electrons (or holes for E < 0) takes the shape of a torus -
of genus 1 topology - which encloses the degenerate closed
line, see Fig. 1a. As the energy is further increased,
the volume of the Fermi surface increases whereupon a
critical volume is reached, beyond which its geometry
changes to a ‘sphere’ of genus 0.
As two of us studied in Ref.19, the Hamiltonian giving
rise to a nodal line is not unique. In the absence of time-
reversal and inversion symmetries, the same nodal line
(p2x + p
2
y = p
2
0, pz = 0 with E = 0) can also result from
the Hamiltonian
Hvx(px, py, pz) = − 1
m⊥
pxpzσx − 1
m⊥
pypzσy
+
(
1
2mr
(p2x + p
2
y − p2z)−
p20
2mr
)
σz, (2)
which exhibits a pseudospin vortex ring defect structure
in momentum space. In comparison toH, despite sharing
the same Fermi surface geometry, the pseudospin vortex
ring defect leads to a maximal anomalous Hall effect19.
In addition to different pesudospin textures, a nodal
line need not be restricted to occur at the same energy
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FIG. 2: Semiclassic extremal orbits (labelled as I, II and III)
for (a) the equi-energy and (b) tilted-energy nodal lines for
various magnetic field directions.
(E = 0)6. Most simply,
Htilt = vpx I+H, (3)
where the identity term introduces an energy slope (‘tilt’)
in the px direction (similarly for Hvx). The Fermi sur-
face at E = 0 now consists of an electron and a hole
pocket touching at two points, see Fig. 1b. As the Fermi
energy increases, the two touching points move towards
each other along the underlying nodal line with growing
(shrinking) electron (hole) pocket. At a critical Fermi
energy, the hole pocket vanishes, leaving behind only an
electron Fermi surface of genus 1. Beyond, the Fermi sur-
face evolution with increasing energy displays a similar
behavior to the equi-energy nodal line case.
In this paper, we consider two characteristic scenar-
ios for ease of study. First, the band touching loop is
assumed to be a perfect circle. In actual realizations,
it is more likely to be a wire-loop of arbitrary shape in
momentum space. Second, we introduce a simple form
of energy inhomogeneity (by tilting the normal of the
nodal circle plane with respect to the energy gradient)
resulting in one electron/hole pocket pair. A more com-
plex energy landscape can lead to multiple electron/hole
pockets. Nevertheless, the following results can be gen-
eralized to these cases.
B. Extremal orbits
We consider two characteristic magnetic B-field direc-
tions in turn: perpendicular and parallel to the nodal
line plane (pz = 0 plane). For the cyclotron orbits, we
specify electron momenta which give extremal areas on
the Fermi surface as they dominate quantum oscillation
signatures39,40.
Perpendicular magnetic field
For a magnetic field perpendicular to the nodal line
plane, the extremal cyclotron orbits are formed by a sec-
tion on the pz = 0 plane.
For the equi-energy nodal line at finite Fermi energy,
there are two such orbits each encircling the outer and
the inner side of the doughnut surface, respectively (orbit
I in Fig. 2a). They are traversed in opposite directions.
3For the tilted-energy nodal line, there are also two ex-
tremal circular orbits following the periphery at pz = 0
plane, which intersect each other at two points where the
electron and hole pockets meet (for zero Fermi energy)
(orbit I in Fig. 2b). This can be inferred by comparing
the orbit area for different sectional cuts of the Fermi sur-
face with nearby pz values. For finite Fermi energy, the
extremal circular orbits remain at pz = 0 while their cen-
ters move relatively towards each other. At the critical
Fermi energy, the intersect points meet at one point with
one orbit lying entirely within the other. At higher Fermi
energy, the inner and outer orbits resemble the situation
of the equi-energy nodal line.
Parallel magnetic field
For the equi-energy nodal line and below the critical
Fermi energy, a magnetic field in parallel to the nodal
circle plane results in two orbits on the perpendicular
section of the toroidal Fermi surface (orbit II in Fig. 2a).
They cover the same area and the same direction of mo-
tion. Above the critical Fermi energy, the two orbits join
to form a single closed orbit.
For the tilted-energy nodal line, we further distin-
guish two field directions along the high symmetry axes,
namely in the y- and x-directions (orbits II and III, re-
spectively, in Fig. 2b). For these cases, there are generi-
cally two extremal orbits, encircling the electron and hole
pockets respectively, below the critical Fermi energy. The
ways in which they encircle the underlying nodal line are
different and cover different areas, leading to different
physical consequences.
Quantum oscillations in a magnetic field
Having specified the geometry of the Fermi surface and
the extremal orbits, we outline the procedures for the
study of the associated magnetic quantum oscillation sig-
natures following Onsager’s relation41.
First, with the LLs associated with the extremal or-
bits, we determine a discrete set of magnetic field values
{Bn(µ)}, indexed by integer-valued n, at which the LLs
intersect with a fixed42 chemical potential µ. The set
obeys Onsager’s relation: S(µ) = (n+ γ) (2pie/~)Bn(µ),
where S(µ) is the k-space area enclosed by the extremal
cyclotron orbit on the Fermi surface, and 0 ≤ γ < 1
is related to the Berry phase of that orbit43–48. Specif-
ically, the fundamental sectional area SFO correspond-
ing to a particular closed orbit (giving the fundamen-
tal oscillation (FO) frequency) is given by (1/SFO) =
((1/Bn) − (1/Bn′))(~/2pie). The last expression is ob-
tained by eliminating γ in Onsager’s relation with two
magnetic field values belonging to the same cyclotron or-
bit with unit index difference (i.e., |n− n′| = 1). There-
fore, because there typically exists more than one ex-
tremal orbit in a realistic bandstructure, the choice in
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FIG. 3: (a) Perpendicular field Landau levels (full lines) of
the equi-energy nodal line49 at pz = 0. Crossings with a
fixed chemical potential (circles and squares) form the two
sets {Bn1,n2 (µ)}. (b) Landau fan diagram with three chem-
ical potential values µ1−3 and the two corresponding cross
sectional areas S1,2. (c) Extremal orbits for µ1,2. The arrows
on the orbits indicate the cyclotron motion direction. The
dashed arrows indicate the direction of increasing chemical
potential.
the grouping of Bn’s belonging to the same set has to be
supplemented with some minimal knowledge about the
Fermi surface and the resulting cyclotron orbits.
Second, corresponding to the set {Bn}, we make the
1/Bn versus n plot. The slope of the interpolating
line gives the inverse cross-sectional area 1/SFO and by
changing the chemical potential gradually without cross-
ing the critical Fermi energy, lines of different slopes (cor-
responding to gradually changing the cross-section area)
form the Landau fan diagram. The abscissa (the inter-
cept on the n axis) of the fan diagram gives −γ. Typ-
ically, a value of γ = 0 (1/2) indicates (no) topological
Berry phase of pi43–48.
We now study the oscillations and Berry phase sig-
natures as derived from Landau level analyses. In the
following, where an analytic LL expression is absent we
extract its value with the numerical Landau level struc-
ture. Sec. III is devoted to the equi-energy nodal line
and Sec. IV is devoted to the tilted-energy nodal line.
4III. LANDAU LEVEL RESULTS FOR
EQUI-ENERGY NODAL LINE
We study the two topologically inequivalent equi-
energy nodal line models. While the two Hamiltonians
give the same Fermi surface geometry, we can distinguish
them by their LL structure in the parallel field case.
A. Perpendicular field direction (orbit I)
The extremal orbits lie at momentum pz = 0 where the
two kinds of nodal line Hamiltonian reduce to the same
Hamiltonian H(px, py, 0) = Hvx(px, py, 0). Their LLs are
given by:
En = ±
(
(n+
1
2
)B −∆
)
, (4)
n = 0, 1, 2, . . . , a result of quantizing the energy spectrum
of two parabolae inverted with respect to each other (and
shifted by a finite energy difference) with the associated
energy scale B ≡ eB~/mr. For µ < ∆, we identify the
two sets {Bn1(µ)}, {Bn2(µ)} with LL of opposite slopes
(marked with open circles and squares, respectively), see
Fig. 3a. By computing the cross sectional areas S1 and
S2, they can be identified with the outer and inner or-
bits, respectively, on the peripheries of the genus 1 Fermi
surface (see orbit I in Fig. 2a and Fig. 3c). They give the
two fundamental frequencies of quantum oscillations.
As µ increases, the outer (inner) orbit increases
(shrinks) (Fig. 3c). In the fan diagram they correspond to
decreasing (increasing) line slopes (Fig. 3b). They show
a common intercept, giving γ = 1/2, indicating no Berry
phase, as expected for orbits circulating a parabolic band
with no Berry phase. For µ > ∆ (µ3 in Fig. 3a), the in-
ner orbit diminishes and only one set of LLs of positive
slope remains, corresponding to the single outer orbit
circulating the Fermi surface of genus 0. Thus, only one
fundamental oscillation frequency remains.
B. Parallel field direction (orbit II)
We pick the field in the x-direction inducing the two
extremal orbits lying on the px = 0 plane. The cor-
responding LLs are numerically obtained for H (Fig.
4a) and Hvx (Fig. 4c). Their low-energy features
can be readily understood50 by making an expansion
in the Hamiltonian around the band touching points
H(0,±p0 + py, pz) ≈ ±(p0/mr)pyσx + vzpzσy, giving
two copies (“valleys”) of anisotropic Dirac Hamiltonians.
Similarly as for the vortex-ring Hamiltonian, we have
Hvx(0,±p0 + py, pz) ≈ ∓(p0/m⊥)pzσy ± (p0/mr)pyσz.
For H, the low-energy LL spectrum is En = ±vF
√
neB~
where vF =
√
2p0vz/mr (for Hvx, vF =
√
2p20/m⊥mr),
in agreement with the numerically obtained values for
small B-field and for small energies (see Appendix). The
FIG. 4: (a) and (c) Parallel field numerically obtained Landau
levels (full lines) of the equi-energy nodal line at pz = 0 for H
and Hvx, respectively: there is splitting in the n = 0 level of
H but not for Hvx. (b) and (d) Landau fan diagrams with two
chemical potential values µ1−2 for H and Hvx, respectively.
sublevel splitting seen at higher magnetic field/energy is
due to the “valley” degeneracy lifting of the two-Dirac-
cone problem50.
A fan diagram analysis in Figs. 4b and 4c shows that
below the critical chemical potential, the single slope (for
µ1) corresponds to the two orbits of equal area and locks
at the same increasing value as µ increases, due to the cir-
cular symmetry of the Fermi surface (orbit II in Fig. 2a).
Moreover, the orbits exhibit a pi Berry phase. This is be-
cause the orbit circulating the nodal line pick up a Berry
phase, as exemplified in the underlying degenerate low-
energy Dirac spectrum at low field and energy. Above
the critical value, the orbit encircles two Dirac points re-
sulting in a zero and 2pi Berry phase (winding) for H
and Hvx, respectively. However, the differences in the
total winding cannot be distinguished in quantum oscil-
lations. This is due to the fact that γ is defined only
modulo unity.
There, however, is a distinguishing topological charac-
teristic of the two Hamiltonians in the n = 0 LL at high
magnetic field51–53. For H, we have two Dirac Hamilto-
nians at low energy with the opposite chirality whereas
for Hvx they display the same chirality. When the chi-
ralities are opposite, the n = 0 low-energy LL wavefunc-
tions are (|0〉, 0)T and (0, |0〉)T in the occupation basis,
respectively; on the other hand, when their chirality are
the same, the LL wavefunctions for the two valleys are
identical (|0〉, 0)T. When the magnetic field is sufficiently
large such that the two valleys ‘feel’ the presence of each
other, the two degenerate n = 0 wavefunctions mix and
result in energy level degeneracy lifting in H (Fig. 4a).
5However, the energy degeneracy lifting does not occur in
Hvx since the two valleys share the same eigenfunction,
i.e., the n = 0 eigenenergy remains pinned at E = 0
even at high field (Fig. 4c). While this difference does
not show up in quantum oscillations, it is useful to resort
to probes which are sensitive to the LL structure, i.e.,
spectroscopic probes.
IV. LANDAU LEVEL RESULTS FOR
TILTED-ENERGY NODAL LINE
We solve for the LL for the tilted-energy nodal line
Hamiltonian Htilt with the ordinary nodal line in three
field directions, corresponding to the three high symme-
try axes, inducing three kinds of extremal orbits I, II,
III shown in Fig. 2b. With the effect of the energy tilt-
ing clarified, the result for the vortex-ring case follows
similarly.
A. Perpendicular field (orbit I)
The LLs with pz = 0 are given analytically by
En = ±(n+ 1/2− c1 − c22)B , (5)
where n = 0, 1, 2, . . . , c1 = ∆/B and c2 =
v
√
eB~/(
√
2B) is related to the strength of the tilt as
characterized by v (Fig. 5a and Appendix). For quan-
tum oscillations, the results are very similar to the corre-
sponding equi-energy nodal line case (Sec. IV A), yield-
ing two frequencies corresponding to the two closed orbits
of unequal area. The differences are that the orbits, as
shown in Fig. 5c, encircle both electron and hole pockets.
However, there is no signature in the quantum oscillation
period when the hole pocket diminishes as µ increases.
Now the Fermi surface becomes a genus 1 electron pocket,
and the behavior recovers that of the equi-energy nodal
line case. A Landau fan analysis shows that there is no
Berry phase associated with the orbits (Fig. 5b).
B. Parallel field in y-direction (orbit II)
The LLs are obtained numerically with py = 0
(Fig. 6a). The low-energy features can be captured
by making an expansion in the Hamiltonian around
Htilt(±p0 + px, 0, pz) ≈ ±v(p0 + px) I ± (p0/mr)pxσx +
vzpzσy. We see that the effects of the energy tilt are
two folds. It shifts the reference energy of the two
Dirac Hamiltonians away from each other, and it induces
an electric field for the two copies of anisotropic Dirac
Hamiltonian. Using the analytic solution for graphene
in a crossed electric-magnetic field, from Ref.54,55 (see
Appendix), the low-energy LL spectrum is
En = ±vp0 ± f(EA, EB)
√
n, (6)
FIG. 5: (a) Landau levels of the tilted-energy nodal line for
a perpendicular magnetic field at pz = 0. (b) Landau fan
diagram with two sectors (open circles (black orbit) and open
squares (red orbit)). (c) Extremal orbits for various chemical
potentials.
n = 0, 1, 2, . . . , which shows a characteristic pi-Berry
phase of Dirac fermions (see Appendix for definitions of
f , EA, EB).
From the numerical full LL spectrum, below the crit-
ical µ, we extract two sets of {Bn} giving two slopes in
the fan diagram corresponding to the sectional cuts of the
electron and hole pockets, which are generally unequal in
area. With γ = 0, the two orbits give a pi Berry phase, as
expected for orbits encircling the nodal line. Beyond the
critical µ, the Berry phase vanishes, in accordance with
an orbit encircling the outer region of the nodal line.
C. Parallel field in x-direction (orbit III)
The extremal orbit assumes a fixed px = p
0
x < 0 result-
ing in Htilt = vp
0
x I+(1/2mr)(p2y+(p0x)2−p20)σx+vzpzσy.
Except for an overall shift in the energy, the Hamiltonian
is of the form studied in Sec. IV B, featuring two Dirac
Hamiltonians in the (py, pz) plane for p
2
0−(k0x)2 < 0. The
numerically obtained LLs is shown in Fig. 7a. At and
away from µ = 0, we find one oscillation frequency corre-
sponding to the extremal orbit encircling the outer region
of the nodal line with no Berry phase. Of course, there is
another extremal orbit with a different p0x > 0 encircling
the hole pocket, giving similar physical consequences.
6FIG. 6: (a) Numerically obtained Landau levels of the tilted-
energy nodal line for a parallel y-direction magnetic field at
py = 0. (b) Landau fan diagram. pi (No) Berry phase for µ1
(µ2), respectively.
FIG. 7: (a) Numerically obtained Landau levels of the tilted-
energy nodal line for a parallel x-direction magnetic field at
p2x = 0.9 p
2
0. (b) Landau fan diagram yielding no Berry phase.
V. CONCLUSION AND OUTLOOK
We have studied zero-temperature magnetic quantum
oscillations of nodal line semimetals associated with two
kinds of pseudospin textures, in the equi-energy and the
tilted-energy settings, respectively. By analyzing the
Landau levels structure of the extremal orbits, we find a
correspondence between different parts of the spectrum
and oscillation periods associated with different orbits.
We extract their Berry phase signatures via Landau-fan
analyses. They yield a pi Berry phase when the cyclotron
orbit encircles the nodal line. In comparing the ordinary
and pseudospin vortex-ring nodal lines, their distinguish-
ing feature in the lowest Landau level, however, is not
revealed in quantum oscillations.
For future work, the effect of magnetic breakdown
for nearby orbits on nodal line Fermi surface with elec-
tron/hole pockets is an interesting direction. Moreover,
the relation between the over-tilted-energy nodal line
case (equivalent to an extreme electric field strength) and
the phenomenon of Landau level collapse54,55 deserves
further investigations.
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FIG. 8: The Landau levels of H for a parallel field at small
field. The black lines are the analytical result and the red
dashed lines are the numerical result.
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Appendix A: Analytic low-energy Landau levels
under different magnetic field directions
1. Equi-energy nodal line
For an anisotropic Dirac Hamiltonian
H = vypyσx + vzpzσy, (A1)
an isotropic Dirac Hamiltonian is obtained after a coor-
dinate space rescaling y → (vy/vz)y, giving LLs
En = ±vF
√
neB~, (A2)
n = 0, 1, 2, . . . , with an effective Fermi velocity
√
2vyvz.
Fig. 8 shows the agreement between the low-energy LL
(red dashed lines) with the full numerical solution (black
full lines) for a magnetic field in the parallel x-direction
(Sec. IV B).
2. Tilted-energy nodal line
For the perpendicular field case, the Hamiltonian for
the extremal orbit (with pz = 0 and σx → σz) is
Htilt = vpx I+ (1/2mr)(p2x + p2y − p20)σz. (A3)
In the presence of a magnetic field, the momentum op-
erators become (pˆx, pˆy) → (pˆx − eAˆx, pˆy − eAˆy) with
A = (−Byˆ/2, Bxˆ/2, 0). Introducing creation and an-
nihilation operators we get
Htilt/B = ic2(aˆ
† − aˆ) I+ (aˆ†aˆ+ 1
2
− c1)σz (A4)
7FIG. 9: The Landau levels of Htilt for a parallel y-direction
field at small field. The black lines are the analytical result
and the red dashed lines are the numerical result.
with c1 = ∆/B , c2 = v
√
eB~/(
√
2B). The eigenvalue
equations are(
aˆ†aˆ+
1
2
− c1 + ic2(aˆ† − aˆ)
)
|ψA〉 = (En/B)|ψA〉(
−(aˆ†aˆ+ 1
2
− c1) + ic2(aˆ† − aˆ)
)
|ψB〉 = (En/B)|ψB〉.
Defining aˆ = γˆ − ic2 (aˆ† = γˆ† + ic2), the eigen-energies
are given by Eq. (5) in Sec. V A.
For a parallel field in the y-direction, the low-energy
Hamiltonian for the extremal orbit is given by
Htilt = ±vp0 I+
(
vpx ± p0mr px − ivzpz± p0mr px + ivzpz vpx
)
.(A5)
Under a magnetic field,
Htilt = ±vp0 I+
(
EA(aˆ+ aˆ
†) EB aˆ†
EB aˆ EA(aˆ+ aˆ
†)
)
. (A6)
Here EA = v
√
(vzeB~/2vx), EB =
√
2vxvzeB~, vx ≡
p0/mr. Using the result from Ref.
55 for graphene in a
crossed electric-magnetic field, the LLs are given by (Sec.
V B)
En = ±vp0 ± (E
2
B − 4E2A)3/4
E
1/2
B
√
n, (A7)
n = 0, 1, 2, . . . . Fig. 9 shows the comparison between the
low-energy LL (red dashed lines) and the full numerical
solution (black full lines) of Sec. V B.
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